
Ergodic Theory and Measured Group Theory
Lecture 5

Examples of ergodic transformations .
Two - sided shift s : 22→ 22 with my Bernoulli measure V

"!

This is mixing WHIM Kuti)ne,
for the same reason as the one-sided shift

,
hence ergodic .

The Gauss map g
: 10

,
1) → 10,1) with the measure d9=_dt

logical)
One can show tht ✗ to ¥ -1¥)
this map too is mixing , hence ergodic .

Ergodic theorems
.

For a transformation T :(x,M→ (Kal)
,
where 4,9) is a st

. pooh . space,
let In := 1011,2 , . . . ,u}E IN

,
Iilx) : - Ix , Tx, Tx , . ;Tx } ,

d for a function f : ✗SIR
,

AI ft) := the average off over II 6) , i. e.
We'll omit T from flxltf (Tx) -1 . . .-111T¥

,

Entitled
.

II I AI if it's dear
.

I / In / net

÷:#
f-

h=4



Classical pointwise ergodic theorem ( Birkhoff 1931) . let T be a puptransformation
on a st.preb.sp.HN) . If T is ergodic then for every

f- c. £14M ,

him Aiflxl=/ fdr
,
a. e. ✗ EX

n→a

In fact
,

theorem
.

For a pmp
T
,
TFAE :

N T in ergodic .
121 I fell

,
him Atf -- ffdtn a. e. 7

nasa

(2) I felt
, tiny Atf -- ffdtr a. e. or a • a n • a

12") t meas . sit BEX , him ✗ ×, Tx, . . , Thx}ÑBB|=µ(☒ her a. e. ✗EX
,

n→a
n -11

Proof
. In⇒ us . The ptuixerg , theorem.
(21--3121) . Trivial .

(2) ⇒ 12")
.

Trivial
,
take f.= 1,3 .

(2") ⇒ (1)
.

let 13 be an Iinuariariat sit . Then An 1131×1<-10,13
for

every ✗ ←✗ .
Thus

,
the thing , Antti} 1×1 c- 10,1} ,

hence MLB) c- 40,1} .
Remark

.

I don't know how to prove (7) ⇒ 12') or (2) ⇒ (2) directly .
Thus

,
some of the power ptwiu ergodic theorem lies the ability

af dealing with the whole L
' (unbounded factions ) .



Applications .
For irrational rotation I :S

'

→ S
'

, the theorem says
that if I c- S

'

is a segment of measure £ , then
•

•
' •¥-5 """re the frequency of a. e. ✗ 's trajectoryi.
. .> ÷'

ii siting I converges he ¥ .

Recall tht the baker 's nap b
,
: 10

,
1) → 10,1)

✗ ↳ 2x uodlwith Lebesgue measure is isomorphic
to the one-sided shift s : 2 "ks2"V with measure

1¥ )
"

,
luau is mixing ,

hence ergodic .

Likewise
,
the 10 version of baber's map

bio :(0,1) → 10,1)
✗ to lox nod ,

it isomorphic to the shift

on 101N with measure 1%1%1 . .jo/
"V

,
here ergodic.

Question . For ✗ C- 10,1)
,
what is frequency of accurate

of a given digit , say 7 , in thedecimalrepresentation of ✗ ? I.e.
,
✗ =D. xox,.. .

him # i : ✗ i
--7
,
ien

n→ a u -11

does this limit exist at what is it ?



We apply the ptwise ergodic them to the function ftp..gg ,
i. e. A-[0.7

,
o , g)

for the bio transformation :

# i : ✗ i
--7
,
ish

= 1m¥,, 4141,40×1-1 . . .-11, / biix)
u -11 n-11

→ ✗ ([0.7
,
0.8)) -- to a. e. ✗ C- 10,1) .

usa

Question
.

What is the frequency of the occurrence of a

given natural number k c- IN in the continued

fraction expansion of a real in 10,1) ?
let ✗ := 1×0,4 , ✗~, . . .] be the coat. Frac. exp .

of ✗ c- [0 , 1) i does the limit

fin # ien : ✗ i=k exist at chat is it ?
a→ & n-11

Recall tht the Gauss nap g :[0,1) → 10,1) maps
[✗

, 4,4 . . .] to 1×1×2×3 . .
. ] .

Let F-=Ig×•=kz=
= 11¥ , ¥]
I apply ergodic theorem to

the Gauss nap g
al 11¥ , iz] :



fin # is u : ✗ i=K

n+,
= fin 14×19494,5×31141-41?fjiµ÷ , ;D

a→ & h→& h -11
YR

=/ •¥+1,dtH-qg-thogli-1-hgk.tl/--atpbg4YE-,.Yktl
Further applications to Gauss map :

qq.fi#xi)*-- IT / """ "%? Take flx) :=¥oGgH1(¥, , ±] .k=p
KIK-12 )

bing.EE?oxi=o.-.yEiitw!-yEgygifmlxYnherefmlH-- ¥mk1c¥, ,1z] .
Proof of the ptwiu ergodic theorem ( Keane - Petersen , Ts .) .

let T be a pup ergodic transformation a 149) .

Bridge lemma
.

For
any 1- c- L' CX ,M

,
Hut IN

,

global ffdi-JATufdr.h.cat
Proof

. Dgpmp, the change -of - var :#¥
'

holds: )fd9= ftp.dr-i.i-ftufdd
"4

Thus tf -117-1 . . .tt#M=(n+Dffdr,soffdM--fftTf-' " " '
"

ftp./AnfdM.u-I



By subtracting the constant / folk from f
,
we

may
assume

let )fd9=O . Thus
,
to prove him Aif - O a. e.

in

it 's enough to show tht

lineup Aif EO d tiwinf A'if >_ 0 . We'll only do the
n→ a

first hearse of symmetry ,

suppose towards a contradiction tht limsap Auf > 0 on

a positively - measured at . For such ×
,

>j
' - •

;
• • • or • • u • . - .

>☐> 0


